Oaunamiaruii KuiBcbkuii MmaremaTudHuii pecTuBaIb
8-i1 KJjac

1. Yu moxua pozmicrutu 2012 pizHUX KT 3 OJHAKOBHM JliaMeTPOM Ha IJIONIMHI TAKUM YUHOM, II00
KOYKHE KOJIO JIOTUKAJIOCH STK MiHIMYM JI0 TPHOX IHINX?

2. Cro cpibHEX MOHET BUKJIAJIEH] B OJHY JIiHI0. JapiBHUK MOXKe TIepeTBOPUTH CPiOHY MOHETY B 30JI0TY 34
3 cexynau. Koxkna 30710Ta MOHETA, K& 3HAXOAUTHCS MTOPYY 3 MOHETOIO, IO ITEPETBOPIOETHCS, 3MEHIITYE
veil vac Ha 1 cekyH/y. 3a gKUil HAMEHIUi Yac 9apiBHUK MOXKe IIePETBOPUTHU BCi MOHETU B 30J10Ti7

3. Hexait O — nentp ta R — pajiyc KoJsa w, omucanoro Hapko o rpukytanka ABC. Koo wy 3 mienrpom
O; Ta pajiycom R mpoxomutsh depe3 Touku A, O ta nepermnae cropony AC B touri K. Hexait AF —
miameTp Koja w Ta Touku F, K, O nexatb Ha oaHiit npawiit. 3uaiitu LABC.

4. 3uaiiT Bci Taki HATypaJbHI Yncia a, b, ¢ 6iabm 3a 1, mo ab + 1 giaurhed Ha ¢, be 4+ 1 aimTbes Ha a
ica+ 1 gmrbea Ha b.

5. Jekinbka y4HiB, siki MalOTh pi3HUil 3picT, cTOATH ¥ psil. SKOU 6 BOHU BUNINKYBAJUCH 38 3POCTOM TaK,
o0 cripaBa CTOsIB HAWBUIIMI, TO KOYKEH y4UeHb 3MicTUBCA O He Oibiie, HixK Ha 8 no3wutiiit. losectn, 1o
CIpaBa BiJl KOXKHOTO Y9HS CTOITH He OlfbIlle 8 YyYHIB, fKi HUKUE 338 HBOTO.

Ha BukonanHus 3aBIaHHs BIABOAUTHCS 4 TOIWHUA. Koxxna 3amada OIiHIOETHCST B 7 OaJIiB.

OmuaHamiateiii KneBckuii Mmaremarundeckuii dpecTuBajib
8-11 kJ1acc

1. Moxno sin pazmectuTb 2012 pa3InydHbIX OKPYKHOCTEH ¢ OJMHAKOBBIM JUAMETPOM Ha, IJIOCKOCTHU Ta-
KUM 00pa30oM, 9T00bI KazKjiasi OKPY2KHOCTh Kacajlach KaK MUHUMYM TPEX APYTHUX?!

2. Cro cepebpsiHbIX MOHET BBLJIOXKEHBI B OJIHY JIMHUIO. BOJIIIIEOHUK MOXKET IPEBPATUTh CePeOPSIHYIO MO-
HETY B 30JI0TYIO 3a 3 CeKyHIbl. KaxKaas 30/0Tasd MoHeTa, KOTOpas HaXOAUTCS PSAJIOM € ITPEBPAIaeMOi,
yMEHBIIIaeT 3TO BpeMsd Ha 1 cekyHjy. Hepe3 Kakoe HamMeHbIIIee BpeMsi BOJIIIEOHUK MOXKET ITPEBPATUTD
BCE MOHETBI B 30JI0ThIE?

3. Ilycts O — nenTp 1 R — paanyc OKpy>KHOCTH W, OMICaHHOI 0K0J10 Tpeyrosbanka ABC. OKpy:KHOCTH
wy ¢ neaTpom O u pagumycom R mpoxomuT depe3 Touku A, O u nepecekaer cropony AC B Touke K.
[Tycre AF — nmamerp okpyzKHOCTH w U Touku F | K, O nexar Ha ool npsmoit. Haittu ZABC.

4. HaiiTn Bce Takme HaTypaJbHble YucCIa a, b, ¢ bosbinue 1, uro ab + 1 gemurea na c, be + 1 jnenmresa na
a u ca + 1 gemmurca Ha b.

5. HeckobKO yYeHMKOB UMEIOIIUX pa3HbIil POCT cTOAT B psiji. By ObI OHU TOCTPOMIUCH IO POCTY TakK,
9TOOBI CIIPaBa CTOSJI CaMblif BBICOKUI, TO KaxK/bIil YIEHUK CMeCTUJIcst Obl He Oojiee, 4eM Ha 8 IMO3UIIMIA.
Jlokazarh, UTO CIIpaBa OT KayKJIOro yIeHHKa CTOUT He DoJiee 8 yIeHUKOB, KOTOPbIE HUXKE HETO.

Ha Bpiosinenue 3a1aHust OTBOAUTCI 4 daca. Kaxkmas 3agaga onennBaercs B 7 OAJLIOB.

The eleventh Kyiv mathematical festival
8-th form

1. Is it possible to place 2012 distinct circles with the same diameter on the plane, such that each circle
touches at least three others circles?

2. A hundred of silver coins are laid down in a line. A wizard can convert silver coin into golden one in 3
seconds. Each golden coin, which is near the coin being converted, reduces this time by 1 second. What
minimal time is required for the wizard to convert all coins to gold?

3. Let O be the center and R be the radius of circumcircle w of triangle ABC'. Circle w; with center O,
and radius R pass through points A, O and intersects the side AC at point K. Let AF be the diameter
of circle w and points F, K, O; are collinear. Determine ZABC.

4. Find all positive integers a, b, ¢ greater than 1, such that ab + 1 is divisible by ¢, bc 4+ 1 is divisible by
a and ca + 1 is divisible by b.

5. Several pupils with different heights are standing in a row. If they were arranged according to their
heights, such that the highest would stand on the right, then each pupil would move for at most 8
positions. Prove that every pupil has no more than 8 pupils lower then him on his right.

Time allowed: 4 hours. Each problem is worth 7 points.



Oaunamiaruii KuiBcbkuii MmaremaTudHuii pecTuBaIb
9-i1 KJac

1. Yu moxua posmictutu 2012 pizHUX KT 3 OJHAKOBHM JliaMeTPOM Ha IJIONIMHI TAKUM YUHOM, II0O
KOKHE KOJIO JOTUKAJIOCH sIK MIHIMYM JI0 TPHOX iHITUX?

2. Jlas momaTHuX Ty, 2 BUKOHYETbCs © + y + 2 < 1. Jlosectn, mo (1 — 1)(% -1(E-1) =8

3. Hexait O — nentp onucanoro koja tpukytauka ABC. Ha croponax AB ta AC' BinMmitwau Touku D
ta E Bignosigxo Tak, mo ZADO = ZAEO = 60° ta worupukyrank BDEC srucanuit. Yu 060B’13K0BO
tpukyTHUK ABC' € piBHOGEIpEHIM?

4. 3uaiiT Bci Taki HATYpaJbHI Yncia a, b, ¢ 6inbm 3a 1, mo ab + 1 giaurhbed Ha ¢, be + 1 aimTbes Ha a
ica+ 1 gimrbea Ha b.

5. B maxTi 3 HeCKiHYeHHOIO KIJIBKICTIO PiBHIB BUI00YBa€ py/Ly CKiHYEHHA KIJIBKICTH THOMIB. Koxken jieHb
B OJIMH 1 TO¥ Ke Yac OJMH THOM 3 KOXKHOT'O PiBHS, HA AKOMY 3HAXOJ/IUTHCA PIBHO N = 2,3, ... THOMIB,
OIyCKaeThbcsd Ha N — 1 piBHIB HuK4e. JloBecTn, 110 MOYNHAIOYN 3 JIEIKOTO MOMEHTY Ha KOXKHOMY PiBHI
Oy/ie He OibIle OJIHOIO THOMA.

Ha Bukonanus 3aBiaHHs BIABOAATHCS 4 TOIWHU. Koxxna 3amada OIiHIOETHCS B 7 6aJIiB.

Oaumnnamiareiii KneBckuii MatemaTuvdecKuii pecTuBaIb
9-i1 kJ1acc

1. Moxno smm pazmectuTb 2012 pa3IuydHbIX OKPYKHOCTEH C OJMHAKOBBIM JUAMETPOM Ha IJIOCKOCTU Ta-
KM 00pas3oM, 9ToObI KaK/1as OKPY’KHOCTb KacaJach KaK MUHAMYM TPEX JPYTHX !

2. J1st OJTOXKUTENBHBIX T, Y, 2 BBIIOHAeTcs & + Y + z < 1. JTokasars 4o (= — 1)(5 -1(E-1)=8.

3. Ilycts O — nenTp ommcanHoii okpy2kHocT Tpeyroibanka ABC. Ha croponax AB u AC ormernin
touku D u E coorBercTBento Tak, ato ZADO = ZAFEO = 60° u gerbipéxyroibuuk BD EC BIUCaHHbBIIA.
Ob6sizaTesbuo Jin Tpeyrobank ABC' sBisiercst paBHOOE IPEHHBIM 7

4. HaiiTu Bce Takme HaTypaJbHble YUCIa a, b, ¢ Oosbiue 1, uro ab + 1 genmurea Ha ¢, be + 1 jeymresa Ha
a u ca+ 1 genurca Ha b.

5. B maxre ¢ OeCKOHEYHBIM YHCIOM YPOBHEN JT00BIBAET Py/ly KOHEYHOE YHCJIO THOMOB. KaxK/iplil JeHb B
OJIHO U TO K€ BPeMsI OJIMH T'HOM C KaXKJIOI'0 YPOBHs, HA KOTOPOM HAXOJUTCS POBHO N = 2,3, ... THOMOB,
omyckaercd Ha n — 1 ypoBHeit HmKe. JlokazaTh, YTO HAUMHASA C HEKOTOPOI'O MOMEHTA HA KazKJIOM YPOBHE
Oyzer He GoJiee OJTHOTO THOMA.

Ha Bpmmosnenue 3aaHus OTBOJIUTCI 4 daca. Kaxknas 3a1a9a onennBaercs B 7 OAJLJIOB.

The eleventh Kyiv mathematical festival
9-th form

1. Is it possible to place 2012 different circles with the same diameter on the plane, such that each circle
touches at least three others circles?

2. Positive numbers x,y, z satisfy  +y + 2 < 1. Prove that (; —1)(; = 1)(; — 1) > 8.

3. Let O be the circumcenter of triangle ABC. Points D and E are chosen at sides AB and AC
respectively such that ZADO = ZAFEO = 60° and BDFEC is inscribed quadrangle. Prove or disprove
that ABC' is isosceles triangle.

4. Find all positive integers a, b, ¢ greater than 1, such that ab+ 1 is divisible by ¢, bc 4 1 is divisible by
a and ca + 1 is divisible by b.

5. Finite number of dwarfs excavates ore in the mine with infinite number of levels. Each day at the
same time one dwarf from each level, inhabited with exactly n = 2,3, ... dwarfs, move n — 1 levels down.
Prove that after some moment there will be no more then one dwarf on each level.

Time allowed: 4 hours. Each problem is worth 7 points.



Oaunamiaruii KuiBcbkuii MmaremaTudHuii pecTuBaIb
10-i1 KJjac

1. Yu moxua posmictutu 2012 pizHUX KT 3 OJHAKOBHM JliaMeTPOM Ha IJIONIMHI TAKUM YUHOM, II0O
KOXKHE KOJIO JOTHKAJIOCh PiBHO JI0 TPHOX iHINX !

2. Jlns nogaTHUX T, y, 2 BUKOHYeThed o2 +y2 + 22 +ay +yz + 2y < 1. dosecru, mo (% — 1)(?% — 1)(% -1 >
9v/6 — 19.

3. Hexait O — nentp onucanoro koja tpukyrauka ABC. Ha croponax AB ta AC' BinMmitwiau Touku D
ta E Bignosigxo Tak, mo ZADO = ZAEO = 60° ta worupukyrank BDEC srucanuit. Yu 060B’13K0BO
tpukyTHUK ABC' € piBHOOEIpEHIM?

4. 3uaiiT Bci Taki HATypaJbHI Yncia a, b, ¢ 6iabm 3a 1, mo ab + 1 ginurbed Ha ¢, be + 1 aimTbes Ha a
ica+ 1 gimrbea Ha b.

5. B maxTi 3 HeCKiHYeHHOIO KIJIBKICTIO PiBHIB BUI00yBa€e pyLy CKiHYeHHA KIJIbKICTh THOMIB. Koxken jieHb
B OJIMH 1 TOIf Ke Jac OJINH THOM 3 KOXKHOT'O PiBH¢, Ha IKOMY 3HAXOJUThCcA piBHO n = 1,2, 3,... THOMIB,
OIIYCKA€ThCs Ha M PiBHIB HIK4Ye. JloBecTn, M0 MOYMHAIOYN 3 JIETKOI0 MOMEHTY Ha, KOXKHOMY piBHI Oyjie
e OLIBIINe OIHOTO THOMA.

Ha Bukonanus 3aBiaHHs BIABOAATHCH 4 TOIWHUA. Koxxna 3amada oIiHIOETHCS B 7 6aJIiB.

OaunHamiareiii KueBckuii MmaremaTrudeckuii dpecTuBajib
10-i1 kJyacc

1. Moxno s pazmectuTb 2012 pa3anydHbIX OKPYKHOCTEH C OJMHAKOBBIM JUAMETPOM Ha IJIOCKOCTU Ta-
KM 00pa3oM, 9To0bl KayK/1asd OKPYKHOCTb KacaJach POBHO TPEX JPYTHUX !

2. JIj1g HOJIOKUTENILHBIX T, Y, 2 Bbioangercs 12 + y° + 22 + vy + yz + 2y < 1. JlokazaTh uToO
G-DG-DE -1 >9v6-19.

3. Ilyctb O — nentp omnmcannoit okpykuoctu tpeyroibanka ABC. Ha croponax AB u AC' ormeruim
touku D u E coorBercTBenno tak, uto ZADO = ZAEO = 60° u gersipéxyroibuuk B D EC Buncanubiii.
Ob6sizaTespro st Tpeyrobank ABC' siBiisiercst paBHOOE IPEHHBIM 7

4. Haiity Bce Takue HaTypaJbHble YuCIa a, b, ¢ bosbinue 1, uro ab + 1 genurcea Ha ¢, be + 1 jenmres Ha
a u ca + 1 nemurca Ha b.

5. B maxre ¢ 6eCKOHEYHBIM YUC/IOM YPOBHEN J0OBIBAET Py/ly KOHEYHOE YHCJIO THOMOB. KaxK/iplil JieHb B
OJIHO U TO K€ BPeMs OJIMH T'HOM C KazKJIOI'0 YPOBH, Ha KOTOPOM HaXOJAUTCd POBHO 1 = 1,2, 3, ... THOMOB,
OIIyCKaeTCcd Ha N ypoBHe# Hmke. /lokasaTh, 9TO HaYWMHAdA ¢ HEKOTOPOTO MOMEHTA Ha KarKJIOM YpPOBHE
Oyzer e 6ojiee OJTHONO THOMA.

Ha Bpimonnenue 3aaHus OTBOAUTCI 4 daca. Kaxknas 3amata omnennBaercss B 7 6asIoB.

The eleventh Kyiv mathematical festival
10-th form

1. Is it possible to place 2012 different circles with the same diameter on the plane, such that each circle
touches exactly three others circles?

2. Positive numbers x,y, z satisfy 2 +y*+2*+-ry+yz+zy < 1. Prove that (; —1)(; —1)(; —1) > 9v/6—19.

3. Let O be the circumcenter of triangle ABC. Points D and E are chosen at sides AB and AC
respectively such that ZADO = ZAEO = 60° and BDFEC is inscribed quadrangle. Prove or disprove
that ABC' is isosceles triangle.

4. Find all positive integers a, b, ¢ greater than 1, such that ab + 1 is divisible by ¢, bc + 1 is divisible by
a and ca + 1 is divisible by b.

5. Finite number of dwarfs excavates ore in the mine with infinite number of levels. Each day at the
same time one dwarf from each level, inhabited with exactly n = 1,2, 3, ... dwarfs, move n levels down.
Prove that after some moment there will be no more then one dwarf on each level.

Time allowed: 4 hours. Each problem is worth 7 points.



