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Analytic and stochastic description of Brownian motions
on star-like graphs

Adam Bobrowski', Andrey Pilipenko 2
! Lublin University of Technology, Department of Mathematics, Lublin, Poland

2 Institute of Mathematics of Ukrainian National Academy of Sciences, Kiev,
Ukraine; Universite de Geneve, Switzerland

pilipenko.ay@gmail. com

Let S be a star-like graph, which is a union of finite number of rays with a
common vertex 0. We provide a complete description of all Feller processes on .S
that behave like a Brownian motion on each ray until hitting 0. These processes
are described from both an analytical and a stochastic point of view.

The description includes:

(a) construction of generators of Markov semigroups on S with Wentzell-Feller
boundary conditions at o that describe a mixture of reflection, killing, slowing a
time, and jump exit at o with possibly infinite intensity;

(b) calculating the explicit form of a resolvent of the process;

(c) representation of the process as a measurable function of finite number of
Wiener processes and subordinators.

Acknowledgements. A. Pilipenko thanks the Swiss National Science Founda-
tion for partial support of the paper (grants No IZRIZ0 226875,
No 200020 200400, No. 200020 192129).
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Some recent results on Brownian motion with
sticky-reflecting boundary diffusion

Marie Bormann

Let 2 be a smooth compact connected Riemannian manifold of dimension
d > 2 with smooth connected boundary 0€2. We consider the semigroup on

C'(€2) induced from the Feller generator (D(L), L) given by where g]{[ is the outer
normal derivative, A" is the Laplace-Beltrami operator on 0€2, 6 > 0 and ~v > 0.
The induced Markov process is a diffusion on €2 which performs Brownian motion
in the interior while its boundary behaviour consists of Brownian motion with
speed according to ¢ along the boundary as well as sticky reflection back into
the interior with intensity . Stickiness refers to the fact that the process has a
positive occupation time at the boundary. The case 6 = 0 corresponds to pure
sticky reflection without diffusion along the boundary. This boundary behaviour
fundamentally differs from reflection or killing at the boundary.

While the study of diffusions with boundary behaviour involving stickiness and
boundary diffusion goes back to [10], in this talk we aim at giving a brief overview
on some recent results as well as open questions with regard to the study of
Brownian motion with sticky-reflecting boundary diffusion: These recent results
involve a rigourous construction via Dirichlet forms ( [7]), a number of results
on Poincaré and logarithmic Sobolev inequalities ( [1,4,8,/11]) and Cheeger-type
inequalities ( [2]), as well as results on large deviations ( [5]) and the study of the
associated Fokker-Planck equation as gradient descent dynamics ( [3,6]). While
certainly of independent interest, Brownian motion is also naturally connected to
systems of particles with reversible coalescing-fragmentating interactions ( [9]).

References

[1] M. Bormann. Functional Inequalities for doubly weighted Brownian Motion
with Sticky-Reflecting Boundary Diffusion, 2024. arXiv:2409.19336.

[2] M. Bormann. A Cheeger-type inequality for the drift Laplacian with
Wentzell-type boundary condition, 2025. arXiv:2503.16093.

|3] M. Bormann, L. Monsaingeon, D. R. M. Renger, and M. von Renesse. A

gradient flow that is none: Heat flow with wentzell boundary condition, 2025.
note:2506.22093.

[4] M. Bormann, M. von Renesse, and F.-Y. Wang. Functional inequalities for

Brownian motion on manifolds with sticky-reflecting boundary diffusion.
Probab. Theory and Related Fields, 2024.

[5] J.-B. Casteras, L. Monsaingeon, and L. Nenna. Large deviations for sticky-
reflecting Brownian motion with boundary diffusion, 2025. arXiv:2501.11394.

[6] J.-B. Casteras, L. Monsaingeon, and F. Santambrogio. Sticky-reflecting dif-

fusion as a Wasserstein gradient flow. J. Math. Pures Appl. (9), 199:Paper
No. 103721, 32, 2025.



[7] M. Grothaus and R. Vofhall. Stochastic differential equations with sticky
reﬂe7ction and boundary diffusion. Electron. J. Probab., 22:Paper No. 7, 37,
2017.

[8] V. Konarovskyi, V. Marx, and M. von Renesse. Spectral gap estimates for

Brownian motion on domains with sticky-reflecting boundary diffusion. 2021.
arxiv: 2106.00080.

9] V. Konarovskyi and M.-K. von Renesse. Reversible coalescing-fragmentating
Wasserstein dynamics on the real line. J. Funct. Anal., 286(8):Paper No.
110342, 60, 2024.

[10] A. D. Ventcel’. On boundary conditions for multi-dimensional diffusion pro-
cesses. Theor. Probability Appl., 4:164-177, 1959.

[11] F.-Y. Wang. Super and weak poincaré inequalities for sticky-reflected diffu-
sion processes, 2025. arXiv:2508.18846.



Dynamical Foundation of the Fractional Brownian Motion
and Related Conditionally Gaussian Models of Anomalous
Diffusion

Ya. A. Butko
yanabutko @Qyandex.ru

Anomalous diffusion is an established phenomenon but still a theoretical chal-
lenge in non-equilibrium statistical mechanics. Physical models are built incre-
mentally, and the most recent and most general family is based on the fractional
Brownian motion (fBm) with a random diffusion coefficient (superstatistical fBm)
together with a time-dependent random Hurst parameter. We provide a dynami-
cal foundation for such general family of models. We consider a dynamical system
describing the motion of a test-particle surrounded by N Brownian particles with
different masses. This dynamic is governed by underdamped Langevin equations.
Physical principles of conservation of momentum and energy are met. We prove
that, in the limit N — oo, the test-particle diffuses in time according to a quite
general (non-Markovian) Gaussian process whose covariance function is deter-
mined by the distribution of the masses of the surround-particles. In particular,
with proper choices of the distribution of the masses of the surround-particles, we
obtain fBm together with a number of other special cases of interest in modelling
anomalous diffusion including time-dependent anomalous exponent. Furthermore,
when the ensemble heterogeneity of the surround-particles embodying the envi-
ronment becomes non-uniform and joins with the individual inhomogeneity of the
test-particles, we show that, in the limit N — oo, the test-particle diffuses in time
according to a quite general conditionally Gaussian process that can be calibrated
into a fBm with random diffusion coefficient and random time-dependent Hurst
parameter. We conclude our study by reporting the generalised Kolmogorov—-
Fokker—Planck equations associated to these highly general processes.

This work has been accomplished during my work at Kassel University in
collaboration with Christian Bender, Gianni Pagnini and Mirko D’Ovidio.
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A Limit Theorem for Triangular Arrays Generated by
Potts Model

N.N. Ganikhodjaev

V.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan

nasirgani@Qyandex.com

Abstract

The main goal of this presentation is to demonstrate that the limit theorems for the
conditional Gibbs measures of Potts model with (2m+ 1) spins on the Cayley tree of order
2m can be considered as examples of multitype branching processes.

In [1] the authors consider the Ising model on the Cayley tree of second order
and demonstrate that the limit Gibbs measures are best studied as examples of a
two—type branching process.

Let ® = {—-m,—m + 1,...,—1,0,1,...,m} be the set of spin values and
2"t = (V, E) be the Cayley tree of order 2m, i.e. an infinite graph without
cycles with (2m + 2) edges issuing from each vertex except for the root xq, which
has only (2m + 1) edges. Two vertices z,y € V are called nearest neighbors if
there exists an edge [ € F connecting them, denoted by I = (z,y). The distance
d(x,y) is the number of edges in the shortest path between x and y.

For a semi-infinite Cayley tree with root xy € V' we set

Wy={z eV |dx,z)=n}, V,=|JW
k=0

Assume that at each point of V' there is a spin which takes values in ®. The
configuration space is

Q={w=A{w(x) 2V} |w) e d}.

We consider the Potts model with (2m 1) spins defined on I'¥™*! with Hamil-
tonian

Let ©,, be the set of configurations on V,, and w, a fixed configuration on V'\ V..
The conditional Hamiltonian is defined by

Hwn o) ==J > Qs =7 D, Suwuts

<x7y>7x7y€‘/77« <xay>axevnay¢Vn

The conditional Gibbs measure p, (- | w,) on V,, is given by

pin(wn | wn) = Z, (wn) exp(—BH (wn | wn)), (1)

8



where 8 = (kgT)~! and

Zn(wn) — Z eXp(_BH(wn ‘ wn))

Wn€Ny

We show that the limit theorems for these conditional Gibbs measures can
be considered as examples of (2m + 1)-type branching processes. Applying limit

theorems for multitype branching processes [3], we prove the existence of a critical

value 3. such that for 8 < B, a central limit theorem holds for the corresponding
triangular arrays.
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Some remarks on the asymptotic of the critical
Galton-Watson branching process with infinite variance

Ya.M. Khusanbaev
V.I.Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences
yakubjank@mail. ru

Let {Z(n), n > 0} be a branching Galton-Watson process starting with a
single particle (Z(0) = 1) in which particles leave behind a random number
of immediate descendants according to a probability law, having a generating
function

()= ms 0<s<1,
k=0

where p, = P(Z (1) =k). We set fy(s) = s and introduce iterations of the
function f(s), defined by the equality f,(s) = f(fu-1(s)) , n = 1,2,... The
process {Z (n), n > 0} is called critical if f'(1) = 1. (For the definition and
properties of random branching processes, see [2-3|).

H. Kesten, P. Ney and F. Spitzer [1] proved a theorem that states if the condition

F) =1, 0= " (1) <

hold, then
1 1 1 o2

uniformly in s € [0,1).
We introduce condition A: the generating probability function f (s) has the form

fls)=s+(1—5)""¢(l~s)

where a € (0,1], ¢ (s) is such a function that ¢ (s) — C as s — 0, where C' is

fixed number.
[t is obvious that if condition A holds, then f” (1) = oo for a € (0, 1).

We will introduce next the notation ¢, = ¢ (1 — f,(0)), v, = |¢p — C|, T, =
2 i-0 Vi .
U (8) = ¢n (1= fu(s)), 6n = sup [¢n(s) = Cf, A =350 6.

0<s<1

We formulate our main_results.
Theorem 1. Let condition A hold. Then as n — oo

1— f,(0) ~ (Can)™ " [1 +0 (max (T”’log”)ﬂ .

n

Theorem 2. Let condition A hold and ¢,, — 0 as n — oo. Then
1 1
lim — = — =| =Ca
=00 [(1 —fn(s))”  (L—s) ]




uniformly for s € [0, 1).

Corollary. Let are conditions of theorem 2 hold. Then uniformly for s € [0, 1)
as n — 00

1 1
(1= fals)®  (1=9)

+ aCn + O (max (A,,logn)) .

Moreover
l+e(s,n)

(1—s)"+ Can’
where A, Zz 1 57“ Sup |€ (S TL)| _ (maX(An,logn))'

(1= fu(s))" =

n

We should be noted that in case ¢ (s) = C, where C' > 0 is constant, we have
o, =C, T, =0, A, =0 and our results are consistent with the results from

14].
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Winding number of a Gaussian random field on a closed
planar curve

Hennadii Navrotskyi
Institute of mathematics of NASU

Definition 1 The winding number v(&, L) of the continuous vector field € :
R? — R? along the continuous curve L : [0,1] — R? is the number 5=(¢(1) —
#(0)), where ¢ is the continuous branch of the angular function of €.

The main object of study is the Gaussian stationary random field £ : R* D
U — R? with covariance function

E&;(u)g(v) = e IIF,

namely, the winding number of £ on the boundary of compact set B C R? (fur-
ther denoted as (¢, B)). We assume that the boundary of B is a closed curve
with continuous parametrization v : [0,1] = R% The winding number can be
calculated as follows [1]:

V(& B) = Y sign(det(€(u)))

w:é(u)=0

det€ (u) = @ 1)~ G20 5 w)

In the work of Kuznetzov |2, the following formula was proven:
B(5) = | Eldet(€ (w)]¢(u) = Olpe (0)dudu

For that, we need to prove the following:
Lemma 1.1

where

P({3u € B: &(u) = 0,deté'(u) =0}) =0

Since %&”, ;y are independent, with variance 2, their product is distributed as

sum of two ch1 square values with 1 degree of freedom.
Then we can prove the following:

Lemma 1.2
(&, B) is stationary, i.e.

V(€ B) =7(&, B+5)

in distribution, for all s € R2.
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A necessary and sufficient condition for the existence of
joint points of images of the trajectories of several
independent Brownian motions on Carnot group

Oleksii Rudenko
Institute of mathematics of NASU
alexntuu@gmail.com

Assume that G;, i = 1,...,n are Carnot groups in R? with the corresponding
basis in the Lie algebra of left-invariant vector fields L;;, 7 = 1,...,d, and with
homogeneous degrees p; : {1,...,d} — N, i = 1,...,n. Suppose that X;(t),
t>0,72=1,...,n are independent Brownian motions on Carnot groups G;. For
definitions of these objects see [1}2].

Suppose f; : R? — R™ m < d are infinitely differentiable functions such
that rank f/(x) = m for alli = 1,...,n, x € RY For x = (x1,29,...,2,) €
G X ... x @, denote

F(I’) - (fl(l'l) - f2(x2)7 S fn—l(l'n—l) - fn(ajn))

Definition 1. We say that x € G; X ... X (G, is a non-singular point of F' if
any family that consists of vectors LjiF'(x), where L;} is the action of the vector

field L;; on the variable x;, are either linearly independent at y = x or linearly
dependent for all y, satisfying F'(y) = F(x), in some neighbourhood of .

For any differentiable function ¢ : R? — R™ and x € RY denote

:min{Zpi(jq)H <p<...<jm<d:

L g(xi),...,Lij, g(x;) are linearly independent }

Let H={2z € Gy x ... x G,|F(z) = 0}. Denote M (H,T) = {(x1,...,x,) €
H|3(ty,...,t,) € T: Xi(t;) = x;,i = 1,...,n}. The following Theorem uses the
results of [1,2] to produce a necessary and sufficient condition for M (H NV, [0, 1]")
to be non-empty with positive probability, but only for the case when an open set
V' contains only non-singular points of F'.

Theorem 1. Denote as Uy the set of all non-singular points of F in H.
Suppose that n > 2.

1. Ifm =1 orm =2, n=2 then the set M(Uy, [0, 1]") is infinite with positive
probability.

2. Ifm > 4 orm = 3, n > 3 then the set M (Uy, (0, +00]") is empty with
probability 1.
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3. Suppose that m = 2, n > 3. If there is a point x = (x1,...,x,) € Uy, such
that
1 1

1
—+—+ ...+ —=>n—2;
q1 q2 dn

where q¢; = m;(fi,x;) — 1,9 =1,...,n, then the set M (Uy, [0,1]") is infinite
with positive probability. Otherwise the set M (Uy, (0,400]™) is empty with
probability 1.

4. Suppose that m = 3, n = 2. If there is a point x = (x1,...,x,) € Uy, such
that

o cither there exist i, j, k such that pi(i) = p1(j) = p2(k) = 1 and
Lyifi(z1), L1 jfi(x1), Loy fo(z2) are linearly independent
o or there exist i, j, k such that p1(i) = p2(j) = p2(k) =1 and
Lyifi(z1), Lajfa(xe), Loy fo(z2) are linearly independent
then the set M(Uy, [0, 1]") is infinite with positive probability. Otherwise the
set M(Uy, (0, +00]|") is empty with probability 1.
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Some properties and asymptotics related to the
generalized intersection local times of multidimensional
Brownian motion

N. Salhi
University of Tunis El Manar, Department of Mathematics, Tunisia, Tunis

salhi.naoufel@gmail.com

Let (B(t)) o<1 P€ @ Brownian motion in R?. The double self intersection

local time at a point u € R?\ {0} is the local time at u of the random field
X (s,t) = B(t) — B(s). We denote it by p(u). Formally, it can be written as

p(u) = /0< o 6. (B(t) — B(s))dsdt.

If d > 4 then p(u) is a positive generalized Wiener function i.e. an element from
some Sobolev space D?*7 constructed over the classical Wiener space, denoted
by W Consequently, it can be represented by a measure 6, on the Wiener
space. We provide some asymptotics for the generalized self intersection local
time p(u), when u tends to 0, in terms of the measures 6,. The main results are

related to the measure of the whole space 6, (W¢), the capacity of the support
of 8, and the quadratic Wassersttein distance between 6, and the Wiener measure.
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Operator splitting for non-homeomorphic one-dimensional
stochastic flows

M. B. Vovchanskyi

Institute of Mathematics of NAS of Ukraine, Department of theory of random
processes, Ukraine, Kyiv

vovchansky.m@gmail.com

Flows {X(:) | 0 < s < t} of random transformation of the real line that
represent interacting Brownian particle systems with common noise and under
the action of an external force are considered. The motion of one separate particle
is given via an SDE

dXs1 () = a(Xsi(x))dt + dws . (t), t>s,x R,

where w; ,,s > 0,2 € R, are correlated Brownian motions, while the pairwise
correlation between particles is assumed to depend on the distance between them
via

d

2 (Wsay W) (1) = (Xoa(@) = Xsaly)), t2s,2,y €R,

and particles are forced to merge upon a collision. Under proper compatibility as-
sumptions on the drift @ and covariance ¢ the mappings X, s < ¢, are piecewise
constant. An extreme example of such a system is the Brownian web, in which
case particles move independently before a collision happens.

The method of operator splitting (the Trotter-Kato formula) is applied to
such flows so that the actions of the semigroups generated by the flow with zero
drift and the ordinary ODE (for drift) are separated. Weak convergence of finite-
dimensional motions is established and this result is used to derive the convergence
of the pushforward measures under the action of the corresponding flows (under
some additional assumptions) As another application, the convergence of the

associated dual flows in reversed time is obtained. The case of the Brownian web
is treated separately, in which case the speed of convergence is established.

The talk is based on [1-3], which is partially the joint work with A.A. Doro-
govtsev.
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Strong Feller Regularisation of 1-d Nonlinear Transport by
Reflected Ornstein-Uhlenbeck Noise

Alexander Weif3, Max-K. von Renesse
University of Leipzig

We studied regularisation by noise for a transport equation on the 1-
dimensional Torus, which is induced from a system of ODEs. Consider the equa-
tion with interaction, which is in our case the Lagrangian form of a transport
equation or an equation with interaction.

da(u,t) = b(x(u,t), p)di
r(u,0) =wueT
i =pox (1)

where p is a probability measure. By identifying the measure-valued process with

the inverse cumulative distribution functions f; by u; = Ao f;!(-) where X is the
Lebesgue measure. Then

dfy(u) = b(fr(u), Ao f())dt
fo=1f

After formally differentiating the equation we regularise the equation by
adding space-time white noise and the Laplace operator to end up with:

dgi(u) = Age(w)dt + ' (fe(w), Ao fi(-)"")ge(w)dt + AW (u, t) + 1
g0 = f".

(2)

with a reflection term 7 forcing the solution to stay positive and thus guaranteeing
that the solution stays a derivative of an inverse cumulative distribution function.
In this talk we will show strong Feller regularisation for the process (g¢)i>o-
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